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Abstract. In this paper we characterize smooth complex projective varieties 
that admit a quadric bundle structure on some dense open subset in terms of 
the geometry of certain families of rational curves. 



1. Introduction 

Let X be a smooth complex projective variety, and assume that X is uniruled, 
i.e., there exists a rational curve through every point of X. Then there exists an 
irreducible family of rational curves that sweeps out a dense open subset of X. 
Such a family is called a covering family of rational curves on X. A covering family 
of rational curves reflects a lot of the geometry of the ambient variety X, specially 
when this family is "minimal" in some sense. There are several different notions 
of "minimality" . In this paper we consider unsplit and minimal covering families. 
A covering family H of rational curves on X is called minimal if, for a general 
point x G X, the subfamily H x of H parametrizing curves through x is proper. It 
is called unsplit if H itself is proper. Unsplit covering families of rational curves 
are very powerful tools in studying the geometry of uniruled varieties. However, 
not every uniruled variety carries such a family. Think, for instance, of a smooth 
quartic threefold. The family of conies on it is minimal but not unsplit. On the 
other hand, every uniruled complex projective variety X carries a minimal covering 
family of rational curves. For instance, one may fix an ample line bundle on X 
and take H to be a covering family of rational curves having minimal degree with 
respect to this fixed line bundle. 

Fix H a minimal covering family of rational curves on X. Given a general point 
x G X, let C x C P(T X X) denote the closed subset of the projectivized tangent 
space at x consisting of tangent directions at x to rational curves parametrized 
by H x (see Definition UOp . This is called the variety of minimal rational tangents 
at x associated to the family H. It was first introduced in |Mor79j . where Mori 
used it to prove the Hartshorne conjecture, and it has found many applications 
within the theory of uniruled varieties, specially Fano varieties (see [HwaOl] for a 
survey). The variety of minimal rational tangents comes with a natural embedding 
into P(T X X). The general philosophy is that many properties of X can be detected 
by studying this projective embedding. For instance, Theorem [1] below establishes 
that C x = ¥{T X X) if and only if X ^ P". 

Theorem 1 ([CMSB02 - see also |Keb02aj ). Let X be a smooth complex projective 
n- dimensional variety, H a minimal covering family of rational curves on X, and 
C x C P(T X X) the associated variety of minimal rational tangents at x G X . Suppose 
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that C x — V(T X X) for a general point x £ X. Then X = P™ and under this 
isomorphism H corresponds to the family of lines on P n . 

If X P™, then it is not possible to completely recover X from the embedding 
C x ¥(T X X). Indeed, if X' is the blow up of X at a point, then H induces a 
minimal covering family of rational curves on X' whose variety of minimal rational 
tangents at a general point is projectively isomorphic to C x - On the other hand, if 
one imposes some extra condition on X, for instance the Picard number being 1, 
then in some cases X may be fully recovered from its variety of minimal rational 
tangents at a general point. This is illustrated by the next theorem. 

Theorem 2 ( Mok05, Main Theorem]). Let X and Y be smooth complex projective 
Fano varieties with Picard number 1, and suppose that Y is either a Hermitian 
symmetric space or a contact homogeneous manifold. Let Hx and Hy be minimal 
covering families of rational curves on X and Y respectively, and C x C ¥(T X X) 
and T> y C ¥(T y Y) the associated varieties of minimal rational tangents at general 
points x £ X and y £ Y , respectively. Suppose that there is an isomorphism 
P(T X X) = V(T y Y) inducing an isomorphism C x — T> y . Then X = Y, and under 
this isomorphism curves from Hx correspond to curves from Hy ■ 

Notice that this theorem applies in particular to a smooth hyperquadric Y = 
Q n C P n+1 with n > 3. In this case the only minimal covering family of rational 
curves on Y is the family of lines, and the associated variety of minimal rational 
tangents at any y £ Y is a positive dimensional hyperquadric in ¥(T y Y). 

When the Picard number of X is not 1, one can still use C x to get information 
about X. The following is a structure theorem for varieties X for which C x is a 
linear subspace of P(T. X X) for general x £ X. 

Theorem 3 ( Ara06, Theorems 1.1 and 3.4]). Let X be a smooth complex projective 
variety, H a minimal covering family of rational curves on X , and C x C P(T X X) 
the associated variety of minimal rational tangents at x £ X . Suppose that for a 
general point x £ X , C x is a d-dimensional linear subspace of ¥(T X X) . 

Then there exists a dense open subset X° C X , a smooth quasi-projective variety 
Y° and a P d+1 -bundle tt° : X° -> Y° such that every curve from H meeting X° 
corresponds to a line on a fiber of ir° . If H is unsplit, then one may take X° such 
that codimx(X \ X°) > 2. 

In this paper we go one step further. We provide the following structure theorem 
for varieties X carrying an unsplit covering family of rational curves for which C x 
is a positive dimensional hyperquadric in its linear span in ¥(T X X) for general 
x £ X. By a quadric bundle we mean a flat projective morphism between quasi- 
projective varieties whose fibers are all isomorphic to irreducible and reduced (but 
not necessarily smooth) hyperquadrics. 

Main Theorem. Let X be a smooth complex projective variety admitting an unsplit 
covering family of rational curves H. Let C x C ¥(T X X) denote the variety of 
minimal rational tangents associated to H at a general point x £ X . Suppose C x is 
a positive dimensional hyperquadric in its linear span in P(T X X). 

Then there exists an open subset X° C X , with codimx(^ \ X°) > 2, a smooth 
quasi-projective variety Y° and a quadric bundle 7r° : X° — > Y° such that every 
curve from H meeting X° corresponds to a line on a fiber of tt° . 
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Remarks 4. (1) The unsplitncss assumption in the Main Theorem cannot be 
dropped. Indeed, start with a smooth complex projective variety Z admitting a 
quadric bundle structure 7r : Z — > Y, and let er C Z be a multi-section of tt. Then 
let X be the blowup of Z along a. 

(2) In general one should not expect the quadric bundle ir° : X° — » Y"° obtained in 
the Main Theorem to extend to a quadric bundle in the whole of X. For instance, 
given n > 6, let X be the complete intersection in P™ x P™ of two general divisors 
of type (1,1), and one general divisor of type (0,2). Let tt : X — > P n be the 
first projection. The general fiber of tt is isomorphic to a (n — 3)-dimensional 
hyperquadric, but there are fibers of higher dimension. 

(3) In the special case when H is a family of lines under some projective embedding 
of X, and dvmC x > [^f^], this result follows from [BI081 Theorem 3.1]. 

This paper is organized as follows. In Section[2]we gather results about minimal 
and unsplit covering families of rational curves and their rationally connected quo- 
tients. In Section [3] we discuss the variety of minimal rational tangents associated 
to a minimal covering family of rational curves and the distribution defined by its 
linear span. In Section [4] we prove the Main Theorem. 

Notation. Throughout this paper we work over the field of complex numbers. By a 
rational curve we always mean a projective rational curve. If V is a complex vector 
space, we denote by V(V) the projective space of 1-dimensional linear subspaces of 
V. Let X be a quasi-projective variety. By a general point of X , we mean a point 
in some dense open subset of X. If / : X — > T is a proper morphism onto another 
quasi-projective variety and t G T, we denote the fiber of / over t by X t . We 
denote by p(X/T) the relative Picard number of X over T. This is the dimension 
of the vector space N\(X/T) of 1-cycles on X with real coefficients generated by 
irreducible curves contracted by /, modulo numerical equivalence. 

2. Families of rational curves and their rationally connected 

quotients 

Let X be a complex projective variety. There is a scheme Rat Curves™ (X) 
parametrizing rational curves on X. This scheme is constructed as the normaliza- 
tion of a certain subscheme of the Chow scheme Chow(X) parametrizing effective 
1-cycles on X. More generally, given a proper morphism / : X — > Y between com- 
plex quasi-projective varieties, there is a Y-scheme RatCurves™(X/F) parametriz- 
ing rational curves on X contained on fibers of /. As before, RatCurves™(A"/Y") 
is constructed as the normalization of a certain subscheme of the Chow scheme 
Chow(X/Y) parametrizing effective 1-cycles on X contracted by /. We refer to 
Kol96, Chapters I and II] for details, constructions and proofs. See also |Deb01j . 

Definition 5. Let / : X — > Y be a proper morphism between complex quasi- 
projective varieties. By a family of rational curves on X over Y we mean an 
irreducible component H of RatCurves ra (A"/F). In particular H is a normal quasi- 
projective variety. The universal properties of RatCurves n (X/K) yield universal 
family morphisms 
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where U is a normal quasi-projective variety, p : U — > iJ is a P^bundle, and 
77 : C/ — > X is the evaluation morphism. We say that H is a covering family if the 
image of 77 is dense in X. 

Now assume that V" is a point and X is a complex projective variety, and hence 
RatCurves™(X/ Y~) = RatCurves n (X). Let H be a covering family of rational curves 
on X. Given a point x S X, we denote by H x the subscheme of H parametrizing 
rational curves passing through x, and set locus(-ff a: ) := 77(p _1 (iJ a; )) (with the 
reduced scheme structure). We say that H is unsplit if it is proper. We say that it 
is minimal if, for a general point x G X , H x is proper. 

Remark 6. Let / : X — > F be a proper morphism between complex quasi- 
projective varieties, and y € Y a point. Then there exists a natural map 



Let W be a family of rational curves on X y , and let H be the irreducible component 
of RatCurves"(X/Y") containing l(H'). Then it may happen that ^{H) / 
For instance, let / : X — ► Y~ be a family of quadric surfaces in P 3 , X y a smooth 
fiber, and H' one of the two families of lines on X y . If we choose / : X — » Y 
suitably, then is the union of the two families of lines on X y . 

Let C, C C X y be two curves parametrized by points of H. Then they are nu- 
merically equivalent on X. If the restriction morphism Pic(X)<g)zQ — ► Pic(X y )<g)zQ 
is surjective, then they are also numerically equivalent on X y . 

This observation allows us to conclude in certain cases that i~ l (H) = H' . For 
instance, let / : X — > Y be a proper morphism between complex quasi-projective 
varieties, and suppose that X y is isomorphic to a smooth hyperquadric Q n C P™ +1 , 
with 7i > 3. Let .H 7 be the family of rational curves on X y corresponding to lines on 
Q n under the isomorphism X y = Q n . Then Pic(X y ) = Z, and thus the morphism 
Pic(X) ®% Q — > Pic(Xj,) (8>z Q is surjective. Any curve on Q n that is numerically 
equivalent to a line is itself a line. Moreover, there is a unique family of lines on 
Q n . Hence = H' . 

Definition 7 (The ff-rationally connected quotient). Let X be a normal 
complex projective variety. Suppose that X admits an unsplit covering family of 
rational curves H. We define an equivalence relation ~jj on X as follows: 

x V x and y can be connected by a chain of curves from H. 

By |Kol96[ IV. 4. 16] (see also |Cam92] ). there exists a proper surjective morphism 
7r° : X° — > Y~° from a dense open subset of X onto a normal quasi-projective variety 
whose fibers are ~/j-equivalence classes. We call this map the H -rationally con- 
nected quotient of X. When Y° is a point we say that X is iJ-rationally connected. 

Remarks 8. (1) If X is smooth, then, by [ADK08) Lemma 2.2], there is a mor- 
phism 7r° : X° — > Y° as above with the additional properties that codimx(X \ 
X") > 2, Y° is smooth, and 7r° is an equidimensional proper morphism with irre- 
ducible and reduced fibers (see also [BCD071 Proposition 1] and [AWOll 3.1, 3.2]). 
(2) If X is smooth and H x is irreducible for general x £ X, then the general fiber of 
7r° is a smooth Fano variety with Picard number 1 by [ADK08, Propopsition 2.3]. 

We end this section with a simple but useful observation. 

Proposition 9. Let f : X — > C be a proper morphism from a normal quasi- 
projective variety onto a smooth quasi-projective curve. Suppose that the general 
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fiber of f is a smooth Fano variety with Picard number 1, and that every fiber of f 
is irreducibe. Then p(X/C) = 1. 

Proof. Let H be a covering family of rational curves on X over C. Let C° C C be 
a dense open subset such that, for every c £ C° , X c is a smooth Fano variety with 
Picard number 1, and X c contains a curve parametrized by some point of H. We 
note that, for every c £ C°, Pic(AT c ) ==! Z and iVi(X c ) = R • [4 where [£] G JVi(X c ) 
is the class of a curve £ C X c parametrized by a point of H . Set X° = / _1 (C°), 
and f° = f\ X o :X°^C°. 

First we observe that Pic{X°) = (f°)* Pic(C°) © Z • L°, where L° £ Pic(X°) is 
(/°)-ample. Indeed, let F denote a general fiber of f°, r : Pic(X°) -> Pic(F) Z 
the natural restriction map, and suppose that M £ Pic(X°) is such that r(M) = 0. 
Then M ■ £ = for every curve € C X° parametrized by some point of H . Thus 
M\ Xa = Ox c for every c £ C° . Therefore (/°)»M is an invertible sheaf on C° (see 
for instance [Har771 III. 12. 9]), and there is an isomorphism (f°)*(f°)*M — > M, 
i.e., M £ (/°)*Pic(C°). 

Let L be an element of P\c(X) extending L° . Since all fibers of / are irreducible, 
Pic(X) ® z Q = (/* Pic(C) ® z Q) © Q • £ by |Har77l II.6.5]. From this it follows 
that p(X/C) = 1. □ 

3. The variety of minimal rational tangents 

Let X be a smooth complex projective uniruled variety, H a minimal covering 
family of rational curves on X, and x £ X a general point. 

Definition 10. We define the map t x : H x ---> P(T X X) by sending a curve that is 
smooth at x to its tangent direction at x. We define the variety of minimal rational 
tangents associated to H at x to be the closure of the image of r x in P(T X X), and 
denote it by C x . Notice that C x may be reducible. 

Remarks 11. (1) Let H x be the normalization of H x . By |Kol961 II. 1.7, II.2.16], 
H x is a smooth projective variety. Moreover, the map f x : H x — » C x induced by 
: H x — » C x is the normalization morphism by [Keb02b] and |HM04] . This 
implies in particular that C x cannot be a singular cone in P(T X X) (see |Ara061 
Lemma 4.3]). 

(2) If C x is a union of linear subspaces of P(T X X), then the intersection of any two 
irreducible components of C x is empty by |ADK08[ Lemma 2.8] (see also |Hwa071 
Proposition 2.2]). 

In the next section, we investigate varieties X for which C x is a positive dimen- 
sional hyperquadric in its linear span in ¥(T X X). Remarks UTI above imply that in 
this smooth hyperquadric in its linear span in ¥(T X X). 

Our next goal is to explain how the variety of minimal rational tangents defines 
a distribution on X, and provide conditions under which this distribution is inte- 
grable. First let us recall the definition of distribution and Frobenius' criterion for 
integrability. 

12 (Distributions). Let X be a smooth complex projective variety. A distribution 
on X is a subbundle of the tangent bundle of a dense open subset X° of X, E° 
X° . We regard two distributions as being the same if they agree on the open subset 
where both are defined. The subbundle E° Tx° can be extended to a subsheaf 
E of Tx ■ By abuse of notation we denote this distribution by E <^-> T x . 
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We say that the distribution E Tx is integrable if through every point x G X° 
there is a complex analytic manifold M C X° such that E y — T y M for every y G M . 

The Lie bracket defines a section of Hom(A 2 E° ,Tx° /E°), which we call the 
Frobenius bracket tensor of E, 

[,] : A 2 E° — ► T X o/E°. 

By Frobenius' Theorem, the distribution E <^-t Tx is integrable if and only if the 
Frobenius bracket tensor of E vanishes identically. 

Now we fix notation and gather assumptions that will be used for the rest of the 
paper. 

Notation 13. (1) Let X be a smooth complex projective variety, and H a minimal 
covering family of rational curves on X . Let C x be the variety of minimal rational 
tangents associated to H at a general point x G X , and denote by £ x its linear span 
in F(T X X). Then we obtain a distribution E Tx by setting E x to be the linear 
subspace of T X X corresponding to £ x C V(T X X) for general We denote by 

[,]x '■ /\ 2 E X — ► T X X/E X , 

the Frobenius bracket tensor of E at a general point x, and by C x the cone in E x 
corresponding to C x C £ x . 

(2) Let V be a complex vector space, and C C V a cone such that P(C) is an 
algebraic set in P(V"). We define C to be the cone in A 2 V consisting of elements 
of the form u A v, where u and v generate a linear subspace of V that is tangent 
to the cone C at a smooth point. Given lo G A 2 V*, we say that C is isotropic with 
respect to lo if u>(£) = for every £ G C. 

Remark 14. If V and C are as in Notation [131 2, lo G A 2 F* is nondegenerate (i.e., 
a symplectic form), and C is isotropic with respect to u>, then dimC < ™ v . 

Proposition 15 f [HM98| Proposition 9]). Let X, H, C x , £ x , E ^ T x , [,} x and 
C x be as in Notation \13i Then the kernel of [,] x contains C' x . 

In [HM98, Proposition 9] X is assumed to be a Fano variety, but this condition 
is not used in the proof. 

The next sufficient condition for integrability of E <—* Tx is a straightforward 
consequence of Frobenius' Theorem, Proposition llSl and the following linear algebra 
lemma. 

Proposition 16. Let X, H, C x , £ x and E Tx be as in Notation\13[ If C x is 

an irreducible hyper surf ace in £ x for general x G X , then E Tx is integrable. 

Lemma 17. Let V, C and C C A 2 V be as in Notation\T^2. If C is an irreducible 
nonlinear cone of codimension 1 in V , then C is nondegenerate in A 2 V . 

Proof. Suppose that C is degenerate in A 2 V . Then there is a nonzero element 
lo G A 2 V* such that C is isotropic with respect to lo. Set 

Q = kercj = {«67 lo(v,u) = for every u G V\, 

and consider the natural projection tt : V — » V/Q. The form lo induces a symplectic 
form Lo^ on V/Q. Moreover the cone 7r(C) is isotropic with respect to to n , and thus 
dimTr(C) < dim 2 ' //Q by Remark [H Since C is nondegenerate, 7r(C) 7^ 0, and since 
10-k is nonzero, 7r(C) 7^ V/Q. Therefore n(C) has codimension 1 in V/Q. So we 
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conclude that dim V/Q — 2 and dim7r(C) = 1. Since tt(C) is an irreducible cone, 
it must be a 1-dimensional linear subspace in V/Q. Thus C is a hyperplane in V, 
which contradicts the nonlinearity of C. □ 

When X is a smooth Fano variety with Picard number 1, we have the following 
necessary condition for integrability of E e — > Tx ■ 

Proposition 18 ( Hwa98, Proposition 2]). Let X , H and C x be as in Notation] 131 
and assume moreover that X is a Fano variety with Picard number 1 . Let D Tx 
be a distribution on X such that C x C V(D X ) for general x £ X. Then D <—* Tx is 
integrable if and only if D x = T X X for general x £ X . 

Lemma 19. Let X, H, C x , £ x and E ^ T x be as in Notation{M Let tt° : X° -> 
Y° be the H -rationally connected quotient of X, and assume that the general fiber 
of 7T° is a Fano variety with Picard number 1 . If E ^ Tx is integrable, then it 
coincides with the distribution defined by ir° . 

Proof. Let F a general fiber of ir°, and let x £ F be a general point. Then 
locus(iJ x ) C F. The projectivized tangent cone to \oc\xs{H x ) at x contains C x . 
Hence C x c F(T X F), and thus £ x C P(T X F). Therefore, since the cokernel of 
Tp «— > Tx\f is torsion free, the inclusion E\p «— ► Tx\f factors through an inclusion 
E\p w Tp. If E «— > Tx is an integrable distribution on X, then | i? Tp is an 
integrable distribution on F. 

By hypothesis F is a smooth Fano variety with Picard number 1. Consider 
the natural map i : RatCurves ra (-F) — * RatCurves"(X). There is an irreducible 
component Hp of i^ 1 (H) that is a minimal covering family of rational curves on F. 
Moreover, the variety of minimal rational tangents associated to Hp at a general 
point x £ F is contained in £ x C P(T X F). So we can apply Proposition \TE\ and 
conclude that if E\p <—* Tp is integrable, then E x — T X F for F a general fiber of ir° 
and x a general point of F. I.e., E <—* Tx coincides with the distribution defined 
by 7T°. □ 

4. QUADRIC BUNDLES 

We start this section by recalling the following characterization of quadric bun- 
dles due to Fujita. We say that a quadric bundle n : X — > Y is a geometric quadric 
bundle if there exists a vector bundle VonY such that X embeds into P(V) over 
Y as a divisor of relative degree 2. 

Proposition 20 ( Fuj75, Corollary 5.5]). Let X and Y be irreducible and reduced 
complex analytic spaces, and tt : X — > Y a proper and flat morphism whose fibers 
are all irreducible and reduced. Suppose that the general fiber of n is isomorphic 
to a hyperquadric Q n C P™ +1 , and that there exists a ir-ample line bundle L on X 
such that L\x t — Oj»»+i(l)|Q n for general t £ Y . Then n is a geometric quadric 
bundle. 

Proposition 21. Let X be a smooth complex quasi-projective variety, B a smooth 
complex quasi-projective curve, and n : X —> B a proper morphism with irreducible 
fibers. Suppose that the general fiber of tt is isomorphic to a hyperquadric Q n C 
P' i+1 with n > 3. Then tt is a geometric quadric bundle. 

Proof. We want to apply Proposition [20] to tt : X — > B. First we notice that, since 
X and B are smooth and tt is proper and equidimensional, tt is flat by |Gro66[ 
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6.1.5]. Moreover, the morphism tt admits a section C C X by GHSQ3]. Thus 
its fibers are generically reduced, and hence reduced. So, in order to prove the 
lemma, we only need to produce a 7r-ample line bundle L on X whose restriction 
to a general fiber of tt is isomorphic to Ofn+i(\)\Q n . 

Let F be a general fiber of 7r, and Hp C RatCurves"(F) the unsplit covering 
family of rational curves on F corresponding to lines on Q n under the isomorphism 
F = Q n . Let H be the irreducible component of RatCurves"(X/i?) containing 
the image of Hp under the natural map i : RatCurves ra (F) — » RatCurves ra (X/i?). 
Since RatCurves ra (X/f?) has countably many components and F is a general fiber 
of tt, H is a covering family of rational curves on X over B. Moreover, by Remark[6j 
l~ 1 {H) — Hp. Consider the universal family morphisms (see Definition [5j) : 



H 

Let D be the unique irreducible component of the closure of ^p _1 (p(i) _1 C))j 

in X that dominates B (with the reduced scheme structure). By construction, D 
is a Cartier divisor on X, and its restriction to a general fiber of 7r is a member of 
|0p™+i (1)|q„ I • By Proposition [51 p(X/B) = 1, and thus D is 7r-ample. □ 

Remark 22. The condition n > 3 in Proposition |2"T1 cannot be relaxed. Indeed, 
a smooth quadric surface Qi can degenerate into any Hirzebruch surface F a for a 
even. 

Proof of the Main Theorem. Let the notation be as in Notation[T3J By Remarks [TT1 
C x is a positive dimensional smooth hyperquadric in £ x . In particular both C x and 
H x are irreducible. 

Let 7T° : X° — ► Y° be the 77-rationally connected quotient of X, where Y° is 
smooth, codimx(^\^°) > 2, and tt° is an equidimensional proper morphism with 
irreducible and reduced fibers (see Remark [8] 1). The general fiber F of ir° is a 
smooth Fano variety with Picard number 1 by Remark [5J2. Set n = dimF. 

By Proposition [TBI E Tx is integrable. Hence, by Lemma [19l it coincides 
with the distribution defined by tt° . Therefore the general fiber F of ir° admits 
an unsplit family of rational curves whose associated variety of minimal rational 
tangents at a general point x 6 F is a positive dimensional smooth hyperquadric 
in ¥{T X F). By Theorem^ F S Q„, with n > 3. 

Let B C Y° be a curve obtained as a complete intersection of general very 
ample divisors on Y° . Set Xb — 7r _1 (i3), and ttb — tt\xb '■ -%b — > B. By 
Bertini's Theorem, both B and Xb are smooth. Moreover, the general fiber of 
7Ts is isomorphic to Q n , with n > 3, and every fiber is irreducible. Thus ttb is a 
(geometric) quadric bundle by Proposition [2lJ Therefore the locus S of Y over 
which 7T° is not a quadric bundle has codimension at least 2. By replacing Y° with 
Y° \ S we get the desired statement. □ 
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